Resumé -Nous considérons une méthode numérique pour un problème aux limites singulièrement perturbé et faiblement non linéaire ayant un point de retournement La méthode est basée sur une analyse minutieuse du problème et utilise les différences fîmes sur un réseau de discrétisation non équidistant et spécial Nous examinons l'uniformité de la méthode par rapport au paramètre de perturbation e La convergence de la solution numérique vers la discrétisation de la solution continue est prouvée dans la norme L x discrète Les résultats numériques montrent que l'erreur L
x discrete décroît en même temps que e et que la convergence aux noeuds uniforme en e est aussi présente
INTRODUCTION
Recently some efficient methods for solving gênerai boundary value problems for stiff linear Systems of ordinary differential équations were introduced in [8] and [5] . In [8] a procedure for constructing an appropriate discretization mesh was given and fmite-difference schemes were used. The paper [5] présents a combination of essentially the same mesh construction procedure and high order collocation methods. In both papers singularly perturbed boundary value problems with turning points were tested numerically. The results from [5] show that the methods are not uniform in the perturbation parameter E (as e decreases, the accuracy remains unchanged only by increasing the number of mesh points). This is quite normal for such gênerai mesh construction procedures (and it was not the intention of these two papers to investigate the uniformity in E).
In this paper we shall consider a special singularly perturbed boundary value problem which models problems having solutions with single turning points. We shall allow a mild nonlinearity of the problem and show that properties of the continuous solution may be used in order to obtain numerical methods uniform in E. We shall follow the technique from [18] {cf. [15] , [16] , [17] , [20] and [9] , [10] as well) which uses fînite-difference schemes on special non-equidistant meshes. In this paper we shall be interested in the uniformity in e, rather than in high accuracy. However, we believe that the high order collocation methods could be used on our meshes, so that the method would be both uniform in e and highly accurate. In other words, we expect that a step analogous to the step from [8] to [5] could be made. Another numerical method for linear turning point problems, which uses analytical information is given in [12] .
Our model problem is :
By s we dénote the perturbation parameter :0<s^8*<^l. The functions b, c and numbers £/_, U + are given. Our basic assumptions are :
where :
Moreover, throughout the paper we shall assume that E* is sufficiently small. Under the given conditions, the operator (T e , R) is inverse monotone and there exists a unique solution to the problem (1) (see [11, Theorem 9] 
where M_, W + G C 3 (7) are the solutions to the reduced problems
For instance, from Lemmas 2-4 we get : Hère m is a positive constant independent of 8, and throughout the paper ix:=e 1/2 . Analogous estimâtes hold for u_. Thus, the estimâtes show an exponential interior layer at x = 0. The width of the layer is O(|x) and the steepness of u z in the layer is of order O(\xT l ). Our finite-difference scheme will use u_ and u + , and the analysis of its consistency error requires the above estimâtes. The numerical error estimate has a similar form : the error is estimated in a discrete L l norm (cf, [1] , [14] ) by the following quantity :
where n is the number of mesh steps and throughout the paper Af dénotes any (in the sense of O ( 1 )) positive constant independent of E and of n. This result is obtained by using the upwind différence scheme, stable in the discrete L l norm, on a discretization mesh which is dense in the layer. The mesh is generated by a suitable function X which redistributes equidistant points and it dépends on e in such a way that the smaller E becomes, the more the mesh is condensed in the layer.
In section 3 we give the discrete problem corresponding to the problem (1) and prove the L l stability result, uniform in e. We use the technique of M-matrices [4] , In section 4 we prove the convergence result in the discrete L 1 norm. We have in mind that it is easy to prove the linear discrete L x convergence uniform in e, of the numerical solution towards the restriction of w e on the mesh (see [18] , [19] ). Thus, our aim is to improve this result by using the functions u_ and u + in the numerical method. Such an approach was applied in [20] to the special nonlinear turning point problem having constant reduced solutions u_ and u + . In the same time, numerical results presented in section 5, show the pointwise convergence uniform in E, as vol. 24, n ' 6, 1990 welL Note that it was reported in [18] that the special non-equidistant mesh alone does not guarantee the uniform pointwise convergence. Because of that w_ and u + are introduced to improve the weakest part of the consistency error.
The problem (1), in the special case :
was considered in [10] , where the pointwise convergence uniform in 8 was shown. Note that our condition (2 e) allows for c u to be négative and because of that we have to use the discrete Z, 1 norm to prove our stability resuit, cf. [14] .
Let us mention some other papers where
) turning point problems have been treated numerically. In [21] , the authors deal with problems of type (1), investigating the ill conditioning of the corresponding exponentially fitted discretization on the equidistant mesh. Other papers usually have the assumption d { (x) > 0, x e /, or at least </,(()) > 0, [2] , [3] , [6] , [9] , [16] . In the first three of these papers, equidistant discretizations only are considered and upwind or (exponentially) fitted schemes are used.
ANALYSIS OF THE CONTINUOUS PROBLEM
Throughout this section we shall assume (2) and that e* is sufficiently small. Some positive constants independent of e will be denoted by m, m u M 09 M X etc. Recaii that /x = E 112 and let
Proof: Defïne the linear operator :
The operator (L E , R) is inverse monotone, see [11] , since from (2 e) it follows :
' + ? (X) :*ƒ*>(), XE!. Let p(x) be a C 2 (/)-function, such that
(for instance :
Furthermore, let a dénote a positive number, such that
where M o , M x are such constants that
and for x s I :
|q(x,0)| + |c 2 (x,0)| ^M 2 , xe/.
We choose the constants M o and Afi in the foUowing way. First let us détermine M o so that :
Then, (4a) is obvious and (4Z>) follows for x e /\[-|x, |x] :
Then choose Mj so that :
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Thus, (4) is proved and because of the inverse monotonicity of (L € , iï), we have :
Proof: The proof is similar to the proof of Lemma 1. Let
where 3 ± (x) = c w (x, w ± (x) + s(u e -M ± )(x)) ds .
Jo
We have Lt v + = zu'l -ec 2 (x, w + ) , x e I + . Then because of inverse monotonicity, we get
Analogously, we consider L~ on the interval /" and prove the rest of the lemma. D LEMMA 3 :
Proof: Again, we shall give the proof for v + (x), x e I + , only, since the rest can be proved analogously. For the technique cf. [7] .
First let us rewrite (5) in the form :
and integrate this equality from 0 to x*, where x* e (0, |x ) is such a point that hence
K(x«)|
Then it follows :
I»;(o)|
Now from (5) we get 
M(x + X 2 /B) exp(-B(x)/e)

LEMMA 4 :
Proof: Let x e I + (the case xel' is similar). Differentiate (5) and obtain :
where by previous lemmas we have \s(x)\ ^M(n.+ (^2/ e +l/ (JL )exp (-5(x)/e)).
Then from (6) it follows :
\s(t)\ exp(B(t)/s)dt exp(-B(x)/z) ,
L Jo J
(note that from (5) we have 11; " (0) | ^ M), Now, using (7) 
Proof: Let us illustrate the proof by showing the last inequality. From Lemma 5 it follows : (3) \x\(\x\ 3 
THE DISCRETIZATION AND ITS STABILITY
Let I h be the discretization mesh with the mesh points : 
which will be used in section 4. It is easy to dérive analogous properties of the function X in ƒ". The same function X was used in [18] and a very similar in [17] (see mesh generating fonctions in [15] , [16] and [20] as well). Essentially, the part w is a certain modification of the inverse of the interior layer function V z {x) for x 5= 0 (cf. [15] ), and ir is merely its continuous extension. Let
..,*; ï = 1,2,...,*-1 .
We shall discretize the following forms of the équation where
Let w h dénote a mesh function on I h \{~ 1,1}, which will be identified with the vector :
and let T h = T^ be the discrete operator corresponding to (11) : 
which can be written down in the form :
The corresponding matrix norm is :
Now we shall prove the stability inequality :
which is valid for all w\ Z^ÊR"" 1 .
THEOREM 2 : Let (2b, c, e) hold. Then we have (13) and there exists a unique solution wje R"" 1 to the discrete problem (12) . This guarantees that w% exists uniquely (see the Hadamard's Theorem in [13] ), and (13) follows from :
Proof: Let
which is valid with some e* G IR" ~ 1 . D
THE CONVERGENCE RESULT
Let us consider the consistency error r,.-r*M,(*i)-(T E u e )(x t ), i = 1,2,...,JI-1.
We have Proof : Because of the stability inequality (13) it is suffïcient to prove :
We shall consider r t for /=n o +l,.",w -1 only, since the analysis for / = 1,2, ..., n 0 is analogous. Thus, we shall prove :
The following estimâtes hold :
where and vol. 24, n° 6, 1990
•f
The proof of (14) In the steps 1° and 2° we shall prove :
.
1° From (15a), (10) Together with (17) this will imply (14) .
In this case it holds that
We use this, (10) 
NUMERICAL RESULTS
We consider the test example from [5] :
The exact solution and the solutions to the reduced problems are given by
(erf is the error function),
When it is not possible to find «_ and u + exactly, we have to solve the reduced problems numerically, and to use approximate values of w_ (x ( ) s i = 1, 2, ..., « 0? and w + {x t ), i = n 0 + 1, ..., n -1. In the tables we present the errors :
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for different values of n and e. The numencal results confirm the theoretical ones, and, moreover, the pointwise convergence, uniform in e, can be observed. Let P dénote the percentage of the intervals [x l9 x l + ï ] 9 which lie within [-|x, |x ]. By changing the mesh generating function parameters a and 3 we can change P. However, for a and P given, P changes slightly when e and n do. In order to avoid this, we use the following procedure : we choose P and a, and then we change p so that P remains fixed for ail s and n, cf. [19] .
Comparmg E^ with the results from [5] we can conclude that our method is better with respect to the uniformity in e. 6, 1990 
